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I. INTI:ODUCTION
To account for the presnce of the boundary layer adjacent to any solid surface in a fluid flow theoretical analyses of the shear flow P effect have been made by many researchers [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Common to all the above analyses is the assumption of the uniform thickness of the boundary layer initially present before the solid boundary surface is 1 deformed. However, the boundary layer normally grows in the mean flow direction and one naturally would like to know how the boundary layer thickness variation affects the aerodynamic load on the solid surface.
This paper deals with this problem but is restricted to the steady, incompressible flow with a slowly varying boundary layer. Similar reasoning can be extended to unsteady and compressible flows.
Since this report is an extension of Ventres' work [19] , we first briefly review and quote his uniform thickness results and then develop lâ theory for the slowly varying boundary layer problem. 
III. SHEAR FLOW WITH SLOWLY VARYING BOUNDARY LAYER THICKNESS (a) Governing Equations And Boundary Conditions
Detailed order of magnitude analysis given in the Appendix shows that the perturbation pressure p(x,y,z) satifies aU V 2p -2 az ap n 0
(1)
U az
The associated boundary conditions are [12, 191 --VU (z = z ° ) aw (2)
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TX znz0 on the solid surface as zo -0, where w . U i . of zm z0 z=z° yx and the finiteness condition
We assume the mean flow,
While assuming a discontinuity in the mean flow velocityagradient across z n 6(x,y), we impose the continuity of the pressure and the pressure gradient across the boundary layer edge, i.e. From Equations ( 1) and (4) the pressure within the shear layer region satisfies V29 -2 ap -0
whic-h will be solved along with the wall boundary condition,
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z-z0
and another boundary condition at the boundary layer edge to be derived from the field equation outside the boundary layer satisfying the finiteness condition far away from the solid surface (see Equation (14)).
(b) Normalization T e i(aE+Yn) (9) where a z a amax , Y-Y ate.
The wavy wall will generate a perturbation pressure field of the following form.
in which the slight amplitude modulation due to the slow boundary layer variation is manifested by the functional dependence of p on cE.c'n c and e'. We further assume the following series expansion for p since e « 1 and e' << 1 [21] .
(lo)
Rewriting Equation (6) in terms of E, n. G rather than x, y, z by means of Equation (8) and substituting the assumed wavy wall pressure solution, Equations (10) and (11) The required wall boundary condition for solving Equation (12) is obtained by substituting Equations (9) and (10) and (11) 
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Mother boundary condition at the edge of the shear layer for solving Equation (12) is obtained by setting N n d in Equation (12) and applying the finiteness condition aac G y • r 144
ac lT Max
Everywhere outside the boundary layer and in particular at the boundary layer edge c -1 because of the continuity of the pressure and the pressure gradient across { a 1.
Equation ( 12) subject to boundary conditions ( 13) and (14) 
FU-1 2 n U
To write Equation (18) as an integral in physical space, we define
In addition, we have
Using ( 18a) and ( 18c), one can easily show that Equation (18) is
Alternatively, one can arrive at Equation ( 19) by using the Fourier convolution theorem directly from Equation (18) with the recognition that Equation ( 18a) is a definition of A(x',y'; 6(x,y)) in terms of K(r,y;d (x,y)) and 6(x,y) is treated as irrelevant to the Fourier integrals.
Either of Equation (la) and Equation ( 19) can be used to calcniate the wall perturbation pressure for a given upwash W(x,y). However, a drastic reduction of cumputation time can be made by recognizing that the quantity {1 -6(x,yn -is everywhere smaller than one except near Smax the leading edge where 6(x,y) -0. Hence, we can i>xpand the function A in Equation ( 18) in terms of a power series of (1 -6(x,y)); the t_ v' max resultant pressure solution presumably will be valid everywhere except
near the leading edge where our theory is not expected to be accurate in any event because of the rapidly changing boundary layer thickness.
It can be shown that
Substitution of Equation ( 20) into Equation ( 18) and the use of the Fourier convolution theorem gives the wall pressure, Here, AO is the same as Ventres' result except his uniform thickness has been replaced by the maximum thickness 6 max . A I is a new function used to calculate the pressure correction due to the slowly variation of the boundary layer, but it is independent of the detailed. variation of the boundary layer which enters the pressure solution in the factor (1-a x, )) in Equation ( 22) . One can show that A l vanishes as 6mm ax approaches zero, a natural result because of the loss of the "variation"
of the boundary layer as the boundary layer vanishes.
Thus we have derived a scheme for calculating the pressure load on any solid surface which is deformed slightly from its flat position and exposed to a shear flow whose boundary layer thickness slowly varies. In aeronautical jargon, we have solved the non-lifting problem because the equations we have found (Equations (19) and (23) For the lifting problem, it is convenient to write Equation (1S) as
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where K is the reciprocal of K defined in Equation (16) and is the same as Ventres' kernel with his uniform thickness replaced by the variable
Multiplied by a (ax+Yy)-and integrated over (o,y) space, Equation (24) results in the following upwash equation. In obtaining Equation (20) , a(x,y) has been treated as irrelevant to the integral operation. Note that pw (X',y';a(x , y)) is not the real wall pressure as it should have been if x', y' are replaced by x, y.
Substituion of Equation (281 into Equation ( 26) gives the familiar kernel function form for the lifting problem.
W ( x ,y) K(x-x', y-y'; a (x.y)) p,, (x',y';a(x, y)) dx'dy'
U1 wing aU ,2 1 where a -i(ax+yy) K(x,y,a(x,y))= ( 1 \ 2 jf K(a,y;a(X.y))e dady (30) 2n
The domain of integration in Equation (29) Substituting Equations (35) and (371 into Equation (29)_, one can equate the terms of zeroth and first powers of (1 -80"y)) to yield the following max two kernel function forms: 
We&x,Y) -
The domains of integration of the integrals in Equations (38), (39) 
where the Reynolds number is given by
Using (5) and (7), we conclude from C6) that
and from (8) In the above, we have used (S) and (14) to replace w, 0 and indicated by an arrow negligibly small terms. By the assumption of 6/a ti 0(l), the last two terms on the RHS of (1S) are of the same order. Let us compare the latter of these to the (remaining) terms on the LHS. Recall from (7) (16) Note that if a ti k , then one must include viscous terms and hence the basic validity of a shear flow, as opposed to a fully viscous model is dependent upon a << 1. Formally Lair-need not be true for turbulent flow where [22] .vim. 
